For a rational number q, a rational D(q) n-tuple is a set of n distinct nonzero rationals {a1, a2, . . . , an} such that aiaj + q is a rational square for all 1 i < j n. For every q we find all rational m such that there exists a D(q) quadruple with product abcd = m. We describe all such quadruples using points on a specific elliptic curve depending on (q, m).
Introduction
Let q ∈ Q be a nonzero rational number. A set of n distinct nonzero rationals {a 1 , a 2 , . . . , a n } is called a rational Diophantine D(q) n-tuple if a i a j + q is a rational square for all 1 i < j n.
If {a 1 , a 2 , . . . , a n } is a rational D(q) n-tuple, then for all r ∈ Q, {ra 1 , ra 2 , . . . , ra n } is a rational D(qr 2 ) n-tuple, since (ra 1 )(ra 2 ) + qr 2 = (a 1 a 2 + q)r 2 . With this in mind, it is clear we can restrict to square-free integers q. If we set q = 1 then such sets are called rational Diophantine n-tuples or more briefly n-tuples.
The first example of a rational quadruple was the set is due to Fermat. In the case of integer n-tuples, it is know that there are infinitely many quadruples (e.g. {k − 1, k + 1, 4k, 16k 3 − 4k}, for k ≥ 2.) In [2] Dujella showed there are no sextuples and only finitely many quintuples while recently in [9] He, Togbé and Ziegler had finished off the conjecture showing there are no integer quintuples.
As far as rational n-tuples go, in [3] it was shown that there are infinitely many Diophantine D(q) quadruples for any q ∈ Q. Dujella and Fuchs in [4] have shown that for infinitely rationals q = 1 there exist infinitely many D(q) quintuples. Gibbs [8] found the first example of a rational sextuple using a computer, and in [6] Dujella, Kazalicki, Mikić and Szikszai constructed infinite families of rational sextuples. There is no known rational septuple and there is no know rational D(q) sextuple for q = 1.
Dujella and Kazalicki in [10] , [5] parametrized D(1) quadruples with a fixed product of elements using triples of points on a specific elliptic curve and used that parametrization for counting Diophantine quadruples over finite fields and for constructing rational sextuples. In the next paragraph, we follow and expand their approach. 1 Let {a, b, c, d} be a rational D(q) quadruple, for 1 = q ∈ Z so that ab + q = t 2 12 , ac + q = t 2 13 , ad + q = t 2 14 , bc + q = t 2 23 , bd + q = t 2 24 , cd + q = t 2 34 .
Then (t 12 , t 13 , t 14 , t 23 , t 24 , t 34 , m = abcd) defines a point on the algebraic variety C defined by the
The rational points (±t 12 , ±t 13 , ±t 14 , ±t 23 , ±t 24 , ±t 34 , m) on C determine two rational D(q)
if a, b, c, d are rational, distinct and non-zero. It is easy to see that if one of them is rational they all are (e.g. b = t 2 12 −q a ), and that they will be non-zero whenever m = 0, since m = abcd. Any point on C corresponds to three points on D : (x 2 − q)(y 2 − q) = m, namely Q 1 = (t 12 , t 34 ), Q 2 = (t 13 , t 24 ), Q 3 = (t 14 , t 23 ). The elements of the quadruple corresponding to these three points are distinct if no two of the points Q 1 , Q 2 , Q 3 can be transformed from one to another via changing signs or switching coordinates, e.g. for (t 12 , t 34 ), (−t 34 , t 12 ), (t 14 , t 23 ) we would have a = d.
Now assume there exists a point (x 1 , y 1 ) ∈ D(Q). Then D, being a curve of genus 1, is birationally equivalent to the elliptic curve E :
. Explicitly, f is given by
We notice that (−y 1 , x 1 ) ∈ D(Q) maps to R = [m, 2mq] ∈ E(Q), which is a point of order 4, and that (−x 1 , y 1 ) ∈ D(Q) maps to
which is generically a point of infinite order.
Assume P ∈ E corresponds to (x, y) ∈ D. Then the points S − P, P + R correspond to (−x, y), (−y, x). The maps P → S − P, P → P + R generate a group of translations on E isomorphic to Z/2Z × Z/4Z, call this group G. Then G induces a group action on E. In order to obtain a quadruple from the triple (Q 1 , Q 2 , Q 3 ) ∈ E 3 , such that the elements of the quadruple are distinct, the sets G · Q 1 , G · Q 2 , G · Q 3 must be disjoint(distinct). This is because the set in
Theorem 1. Let m = 0 be an integer, q = 0 a rational number and let (x 1 , y 1 ) ∈ D(Q) be such
is a rational square. Then the rational numbers
Conversely, let (a, b, c, d) be a rational D(q) quadruple, set m = abcd, and let the triple
It is not true that every time there is a rational point on D(Q) there exists a rational D(q)
quadruple with product m. Examples with further clarification are given in Section 3, after Remark 9. The following classification theorem holds:
for some rational parameters (t, u).
Divisors and the proof of Theorem 1
The following theorem is more difficult to prove compared to a similar statement in [5] (2.4.
Rationality and Proposition 4). Their version of the function g was defined only using the point at infinity, unlike ours which needed an extra point (x 1 , y 1 ) ∈ D(Q).
From Theorem 3 we obtain the following corollary which easily proves Theorem 1.
Proof of Theorem 1:
This implies a 2 is a rational square so a is rational, making our quadruple a rational D(q) quadruple.
On the other hand, if the quadruple (a, b, c, d) is rational, then using the same identities mod (Q * ) 2 we get that (y 2
We need some technical details to prove Theorem 3.
Proof. The poles of g are the same as the poles of x(f −1 ), which in turn must be points on E which map to (1 : 0 : 0) ∈ D. To find zeros of g, notice that x(f −1 (P )) 2 − q = m y(f −1 (P )) 2 −q , so all we need are poles of y(f −1 (P )). The zeros of g are points on E which map to (0 : 1 : 0) ∈ D. Now we need to find which points in E map to ∞ in D. Assume P ∈ E is such a point. The set in D corresponding to G · P consists of only four points, namely {(±1 : 0 : 0), (0 : ±1 : 0)}. The points P, P + R, P + 2R, P + 3R are distinct (R is of order 4) so the sets {P, P + R, P + 2R, P + 3R}, {S −P, S −P +R, S −P +2R, S −P +3R} must be equal. Now we must have P = S −P +kR =⇒ 2P = S + kR for some k ∈ {0, 1, 2, 3}. These are the only posibilites for zeros and poles of g, so using Magma we calculate for which k do we actually get poles or zeros of g.
. We wish to prove h ∈ Q(E). We can prove that every σ ∈ Gal(Q/Q) permutes zeros of h and poles of h, respectively. First, let us check what σ does to Q 1 . Since we know exactly how Q 1 looks like (its coordinates live in Q( √ q)), the only
Since in this case we also know Q σ 2 = Q 2 , we get that σ permutes T ∈E [2] (Q ′ 2 + T ). If we assume [2] (Q ′ 2 + T ) and vice versa. We use similar arguments for R 1 , R 2 . Now we use the second statement from theorem 7.8.3. in [7] : We
, and g • [2](O) = (x 2 1 − q) 2 is a rational square, this implies c 2 is a rational square as well, hence c is rational and h ∈ Q(E).
Proof of Theorem 3:
Let 2P ′ = P, 2Q ′ = Q. We prove that ∈ {±1}, so looking at it as a map from E → P 1 it must be a constant function [11] . For every σ ∈ Gal(Q/Q)
. This holds since
Similarly
by plugging in X = P ′ + Q ′ − σ(P ′ ) for the first X and X = P ′ for the second one. This leads to
for every σ ∈ Gal(Q/Q). Now we conclude
Finally
what kind of quadruples can we have
To prove Theorem 2 we use the following lemma: Let (a, b, c, d ) be a rational D(q) quadruple such that abcd = m. There exists a point (x 0 , y 0 ) ∈ D(Q), where D : (x 2 − q)(y 2 − q) = m, such that x 2 0 − q is a rational square.
Proof. Using Theorem 1 we know that (y 2
Since the first number is a rational square, we conclude y(f −1 (Q)) 2 − q is a rational square as well. Now define (x 0 , y 0 ) := f −1 (Q + R). We know that
Proof of Theorem 2: Assume we have a rational D(q) quadruple. Then by the previous lemma there exists a point (x 1 , y 1 ) ∈ D(Q) such that x 2 1 − q is a rational square. Since x 2 1 − q = k 2 , then q = x 2 1 − k 2 = (x 1 − k)(x 1 + k). Denote u = x 1 − k, then x 1 + k = q/u and by adding the previous two equalities together to eliminate k, we get
is a rational square. We use this point (x 1 , y 1 ) to define the map f : D → E.
is a rational square. The points (Q 1 , Q 2 , Q 3 ) satisfy the conditions of Theorem 1 giving us a rational D(q) quadruple.
Remark 9. The condition m = q−u 2 2u 2 (t 2 −q) is equivalent to the fact that there exists (x 0 , y 0 ) ∈ D(Q) such that x 2 0 − q is a rational square. This was proven above, but deserved emphasis.
A priori, it is not clear why we shouldn't parametrize m in a simpler and natural way, that is,
. This simpler parametrization of m fails for example if q = 3, x 1 = 5, y 1 = 7 (and plenty of other examples) since there are no (x 0 , y 0 ) such that m = (x 2 0 − q)(y 2 0 − q) and that (x 2 0 − q) is a rational square. We prove this using Magma, by looking at the generators of the curve E(Q) and by trying to find points T ∈ E(Q)/2E(Q) such that g(T )(y 2 1 − q) is a square. If such a point exists, then so does a rational D(q) quadruple and by Lemma 8, a "nice" point (x 0 , y 0 ). If no such point T exists, there is no quadruple and therefore no "nice" point (since a "nice" point would guarantee a quadruple by Theorem 2).
We give an example family. Take q = −3, x 1 = 1 so that x 2 1 − q = 4 and let y 1 = t which makes m = 4 · (t 2 + 3). The point S is a point of infinite order on E(Q), and the triple (S + R, 2S, 3S) satisfies the conditions stated earlier. We obtain the following family: a = 2 · (3 + 6t 2 + 7t 4 ) · (27 + 162t 2 + 801t 4 + 1548t 6 + 1069t 8 + 306t 10 + 183t 12 ) (3 + t 2 ) · (1 + 3t 2 ) · (9 + 9t 2 + 19t 4 + 27t 6 ) · (3 + 27t 2 + 33t 4 + t 6 ) , b = (3 + t 2 ) 2 · (1 + 3t 2 ) · (9 + 9t 2 + 19t 4 + 27t 6 ) · (3 + 27t 2 + 33t 4 + t 6 ) 2 · (3 + 6t 2 + 7t 4 ) · (27 + 162t 2 + 801t 4 + 1548t 6 + 1069t 8 + 306t 10 + 183t 12 ) , c = 2 · (3 + 6t 2 + 7t 4 ) · (3 + 27t 2 + 33t 4 + t 6 ) · (9 + 9t 2 + 19t 4 + 27t 6 ) (3 + t 2 ) · (1 + 3t 2 ) · (27 + 162t 2 + 801t 4 + 1548t 6 + 1069t 8 + 306t 10 + 183t 12 ) , d = 2 · (3 + t 2 ) · (1 + 3t 2 ) · (27 + 162t 2 + 801t 4 + 1548t 6 + 1069t 8 + 306t 10 + 183t 12 ) (3 + 6t 2 + 7t 4 ) · (3 + 27t 2 + 33t 4 + t 6 ) · (9 + 9t 2 + 19t 4 + 27t 6 ) We can calculate the quadruple explicitly in the most general example by taking an arbitrary rational triple (q, t, u), setting (q = q, y 1 = t, x 1 = q+u 2 2u ) with the same triple of points (S + R, 2S, 3S) ∈ E(Q) 3 , but this example is too large to print (the numerator of a 1 is a polynomial in the variables (q, t, u) of degree forty).
All the computations in this paper were done in Magma [1] .
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